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Abstract—The global viscoelastic response of heterogencous linear thermoelastic material with
remote boundaries is characterized. Memory effects result from the dissipation of energy due to
microscopic temperature gradients. A Fourier transform technique is used to formulate the problem
as an integral equation in the image space. Using a perturbation expansion, analytical results are
obtained for two- and three-dimensional examples.

1. INTRODUCTION

Thermoelastic damping, i.e. dissipation of mechanical energy due to thermomechanical
coupling and heat conduction can be of significant importance in several cases of practical
relevance. These include dynamic problems in the form of vibrations[l] or wave propa-
gation[2]. When a macroscopic stress or strain is applied to a heterogeneous thermoelastic
medium local stress fluctuations arise. Then, the local temperature gradients generated
through thermoelastic coupling result in an irreversible production of entropy. Under these
conditions a global viscoelastic behavior is to be expected.

Using a heuristic approach Zener[1] studied the case of polycrystalline materials where
the heterogeneity is due to grain-to-grain changes in lattice orientation. General granular
media were considered by Buisson ef al.[3] who formulated the problem in terms of integral
cquations which were approximatcly solved by means of a method of spatial discretization.
This approach is best suited for granular materials with constant properties within each
grain. However, the analysis becomes more complex as the number of grains increases. A
one-dimensional problem is solved in Ref. [4] using perturbation expansions.

In this work we are concerned with linear thermoelastic materials of general heterogeneity.
A local neighborhood of the body is idealized as being unbounded in all directions and thus
Fourier methods can be advantageously utilized. Similar techniques have been successfully
used in other studies[5, 6]. The Duhamel and heat equations are transformed into integral
equations in the image space. Then, the effective viscoelastic properties of the homogenized
continuum follow directly from the inverse integral operators. Explicit results of various
orders of approximation can be obtained through a perturbation analysis. This method of
approximation has been extensively used in the past. However, the present approach differs
from previous work (see, e.g. Refs [7,8]) in that the fluctuation stresses are described in
terms of a stress potential. In addition, the macroscopic or average stress is assumed given.
The main benefit which is derived from this strategy is that computation of the first-order
term in the perturbation expansion involves purely algebraic manipulations. This is in
contrast to displacement formulations based on the use of Green’s function which necessi-
tate evaluation of frequently cumbersome integral expressions at any level of approximation.
As an example of application of the method, explicit expressions are given for the effective
creep functions of two-dimensional thermoelastic bodies.
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2. GENERAL FORMULATION

2.1. Local behavior

The local behavior of a linear thermoelastic material can be characterized by means
of constitutive relations of the Duhamel-Neumann type

/() = Diju(X)en(x) — B, (x)0(x) M

and the heat equation
Cc(x)g(x) = (Kijg,j(x)).j_ TOBij(x)éij(x) 2)

where o, is the Cauchy stress tensor, ¢; the infinitesimal strain tensor, D, the isothermal
elastic moduli, §;; the thermal expansion tensor, § denotes the temperature variation from
an initially uniform reference temperature T, c, is the heat capacity at constant deformation
and «;; signifies the thermal conductivity tensor. A subscript comma will be used throughout
to denote partial differentiation.

Equivalently, eqn (1) can be inverted to read

& = Cijuoi+a;0 3)
where C,, are the flexibility compliances of the material and one writes
& = CijiBir- 4)
Furthermore, elimination of ¢;; between eqns (3) and (2) leads to
.0 = (k,0,) j— TootwGys (5)
where
¢ = ¢+ ToPiuy; (6)

is the heat capacity at constant stress. In addition to the Duhamel and heat equations, eqns
(3) and (5), the stress and strain fields must satisfy the equilibrium and compatibility
equations.

In formulating the above field equations a general microstructural heterogeneity has
been envisioned. This material heterogeneity induces microstructural fluctuation fields
which influence the overall response. The detailed nature of these fluctuations is frequently
of no practical interest although some information regarding the magnitude of the local
fluctuations is sometimes desirable. The analysis that follows aims at providing a link
between microstructural properties and the overall response of the material, as well as
between the macroscopic fields and the local fluctuations.

We assume throughout that a macroscopic Cauchy stress tensor (o) is applied at
infinity. The microscopic stress field can be expressed as

0,/(x) = {0 +60,,(x) M
where do(x) represents the spatial stress fluctuations. In the same spirit, the microscopic

temperature field can be expressed as the sum of the average temperature <8) and the
temperature fluctuation field 56(x), i.e.

0(x) = (0) +60(x). )

The equilibrium equations are automatically satisfied if the fluctuations stresses derive
from a stress potential y, i.e. if
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00;; = (VX% X V)ij = Amnat€itme jin )

where ¢, are the components of the permutation tensor. Substituting eqns (7)-(9) into
Duhamel’s equation one finds

£ = Cijtr: ({OD + Xonn gy Comk Cont) +21(0 + 50). (10)
Substituting this expression into the compatibility equations
(Vxex V), = tmuliumejin = 0 (in
we obtain

[Cltpg Xrs s Curposp) mnCmici€ntj + (Xk108) mn€mii€at

= - (Cklr:<ar:>),mnemkienlj - (“kl<9>),mnemkienlj (] 2)

where we have separated the unknown fluctuation terms from the average values.
Similarly, using eqns (7) and (8) the heat equation becomes

C,ag— (x,-,-éﬁ_,»)_j+ Toa,-j 50-',']' = - Toa,-j(o",»j) "’C,<9>. (I 3)

This equation can be simplified by invoking the assumed adiabaticity conditions on the
remote boundaries. In particular we note that

o !
{xi8)2 = ‘1,1}}30 I‘/L (x;;8 ), AV = 11/1_1.130 I_/J;q" ds=0 (14)

since by assumption the normal flux g, = x;,0,1, vanishes on remote boundaries. Taking
the average value of the heat equation, eqn (5), and using egn (14) we obtain the relation

<Cc9> = — Tola;6) (15)

or integrating with respect to time

(c,0) = —Toay0,,7. (16)

Finally, noting that (46) = 0 and {d¢;,) = 0 eqn (16) reduces to
;) 8 +<c,00) + Toat;;) 0> + To{ba; 60,;) = 0. 17

For a given macroscopic stress tensor {6 eqns (12), (13) and (17) constitute a system
of partial differential equations which in principle can be solved for the unknowns y, 66
and {8). A method of solution based on the use of Fourier transforms is presented in the
next section. A summary of basic facts concerning the Fourier transform which are used
in the derivations is given in Appendix A.

2.2. Localization law

Taking the Fourier transform of eqn (12) and using eqn (A3), results in the following
integral equation:
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1y )
<§;) Je"pejsqemukenvlkrksk;k:v Cpqmn (k - k/)x‘.kl(k/) d‘/‘

1 32
B (57;) J\ei'"!’ejnqkmkndpq(k — k') 55(1(!) d3k1
= eirpejqurkséCqul(k)<0'k1> +eirpejqurk;5(ipq(k)<0> (] 8)
where following standard notation the symbol "denotes Fourier transform, i.e.

372

I ' ~ikx 43
f(k)s(;{) f f(x)e*>xd’x. (19)

Similarly, taking the Fourier transform of the heat equation, eqn (13), one finds

IARE S ) IV
(27;) J—ﬁ éok—k )5é(k’) &k + (5;) JE Kij(k—k')k,-kjéé(k’) &’

| 3/2 5 ; )
— (5;) Jemrpen:qk:ksapq(k —-k’)an (k’) d*k’ = ~&k/(k)<dk1> = —-7:— f‘o(k)<g> (20)
0

Furthermore, taking the Laplace transform of this equation results in the following
expression

1Y2 (1 1V
—_— —p Kk’ ’. 37 = - YNy .. 3.,
<2n> J T ¢, (k~Kk)LSA(K ;s) &k +<2n> J- 5T %, (k— Kk k,LoOK 5 5) &k

3/2
- <2Ln) ~[e,,,,“,e,,sqk;k;a'c‘,,,,(k_.k’)[,)z‘m”(k/ ;5) &K
1
= —a‘kl(k)<L0'k[(S)> — .v]—-v_éa(k)<L9(S)> (21)

where the symbol L is used to signify the Laplace transform of a function, i.e.

Lf(s) = ff(t) Il 1 (22)

On the other hand, using eqns (17) and (A3) the mean value of the temperature field can
be expressed as

LT P To Lo
W0y = — o lim x—/jc, k)o0(k) d*k — S lim Vja,»j(k)éou(k) &k

T,
—*<‘c—a‘>”<aij> o7 (23)

The limiting process involved in this expression is discussed in Appendix A. Using rep-
resentation (9), eqn (23) can be rephrased as
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Oy =— —<—l—>- llm ! fc"‘(k)éé(k) &’k

Ty
(ead ¥~

hm : [5“*(k)hl(k)k L ‘-tmlc‘;ul dx'k <au> <olj> (24)

<.,>

Eliminating <0) from eqns (18) and (21) with the aid of eqn (24) we arrive at a system of
two coupled integral equations for the unknowns y,, and 66

J K (&, K )L (k"5 5) d3k'+fKij(k’ k';5)Lo0(K ;5) d°k’ = Nyju(k; 9)LLox)(5)

25)
fK,‘,(k’, k; )Li, (K ;) &°k'+ J K(k, K ;)L3G(K ;5) &k’ = N, (k; L0, >(s)

where the kernels and the forcing terms are defined to be

3/2
Kijkl(ks k’ P S) = (ﬁ) e:rpe}svemukenvlkrksk;k; Cpqmn(k - k')

~% >5a,,,, ®) Jim — : 7ok entk kKL 52 (')

I 3/2 I
K,k k';s)= -—(ﬁ) Cimp® jngkmKnbpg(k —K) 4+ —— 64, (k) llm e,,,,pe,,,qk k,é*(k")

I
<C.,>
(26)

AR 1Y? 1
K(kk';5) = (%) Foe,,(k-k')+<2) (k= KVkk] = sy (K) fim 7 ""(k')

()

N ijki(k) = e:rpejsqk k 5 ;tqk!(k) < >eﬂ'p ;sqk kséﬁpq(k)<ak1>
Co(k)

Ny(K) = —&;,(k) + — 5

< ij>-

As can be seen, the integral operator defined by eqns (25) and (26) is hermitian. Under mild
restrictions on the fluctuations of the material properties a simple check reveals that the
integral operator is of the Hilbert-Schmidt type. The prescribed average stress drives

the microscopic fluctuation fields. These vanish identically in the absence of material
heterogeneities.

Formally inverting eqn (25) one obtains
Liij(k;s) = {jH ik (K, K’ ; 5)Niima(K') &

+ J Hy(k, k' ; )N, (k) d3k'}L<0m>(5)

= Byjmn (K ; $)LLTpa ) (5) 27
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LSG(k;s5) = { f HEK . K; )N (k) &k

+ JH(k’kl;s)Nmn(k’) d3k’}L<0mn>(S)
= B (K 5) L )(5)

where B,;, and B,; are concentration tensors. Equation (27) represents a localization law

giving the Fourier-Laplace transform of the fluctuation fields as a function of the applied
macroscopic stress.

Remark : It is also possible to utilize a decomposition 8 = 8,4+ 68 where

) o)

fo= Ty

(28)

is the uniform temperature variation generated by the average stresses in a homogeneous
reference material having the average thermomechanical properties. It should be noted that
{88 is not necessarily zero. In terms of this alternative decomposition equations similar
to eqns (25) are obtained in which 68 replaces 46.

2.3. Effective behavior

Taking averages in Duhamel’s equation, eqn (3), and using decomposition (7) and (8)
for stress and temperature results in the following expression :

&y = LCiju) o) + ;> 0) +{Cijnib04» + {a;;60. 29

Eliminating (8> with the aid of eqn (17) we find

<8u> = <Cijkl> {ow) —

(o T,
Y 80> —
ooy SOV S

T ‘
_ (C—o> o) {6a604) + (Cyyuiboy) +<a;00> - (30)

or, using the identities (58) = 0, {doy) =0

o) c
(I

<5ij> = <<Cijkl> —— e <°‘k1>) ok —

<a>

< > —— ey {Oaydoy) + {6C b0k + (02;;66>.  (31)

Bringing in eqns (A3) this becomes
<8ij> = ((Cijkl> < ><a|/> <akl>) <akl> - hm ‘[N:mu(k)X.mn(k) d3
~ Jim %/ J NEWSOK) &'k (32)

where N, and N,; are given by eqns (26¢) and (26f). Finally, we take the Laplace transform
of this expression and make use of the localization law, eqns (27), to obtain
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L = | =T R o5 o) O
where
Fu®) = = im [ V2000800 Pk fim | [ V300800 Ok G

It is interesting to note that eqn (33) defines a hereditary law of viscoelastic type

<8ij> = Juu +d{oy;) (35)

where J;;, are the creep functions, * is the time convolution operation and d signifies
differentiation with respect to time in a distributional sense. The form of the creep functions
is obtained by taking the Laplace transform of eqn (35)

L&) (s) = sLJjua($) Lok (5) (36)

and comparing the result to eqn (34), which yields

<aij> o)

SLJi/kl(s) = I:(Cijkl>_T0 ) ]“'E‘jk!(ﬂ- (37

It should be noted that the variable s enters eqns (26) only through the term «;;(k —k’)/s.
In the absence of heat conduction this term vanishes identically and rheological effects
disappear.

In conclusion, the effective behavior of a linear thermoelastic body with adiabatic
remote boundaries and heterogeneous microstructure corresponds to that of a linear visco-
elastic material. The effective creep functions have been given in a form whose evaluation
requires inversion of an integral operator. To make further progress the inverse operator
can be approximated by means of a perturbation expansion in the expectation that the
leading terms will provide an adequate description of cases involving mild heterogeneities.
As noted in the introduction, an advantage of the method presented here is that the first
term in the expansion is given by algebraic expressions of a particularly simple form. In
subsequent sections, explicit results are obtained from the general formulation for certain
classes of two-dimensional problems.

3. TWO-DIMENSIONAL ISOTROPIC PROBLEM

3.1. Local behavior

The general equations derived in Section 2 simplify considerably for a two-dimensional,
locally isotropic body. Under these conditions, the spatial distribution of elastic properties
can be defined in terms of the local Young’s modulus E and Poisson’s ratio v, and the elastic
compliances are of the form

Caﬂyé (X) = %(f(X) +g(x)) (‘scy 536 + 5&6 5}11) —g(x) 5aﬁ 676 (38)
where Greek indices range from 1to 2 and the scalar functions f(x) and g(x) are defined as

1

f=E’ g= (39)

tyl <

for plane stress, and
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S=U=v)E  g=v(l+v)E (40)

for plane strain. Furthermore, the thermal expansion and conductivity tensors take the
form

@, = ad; Ki; = K6, @4n

and the Duhamel law and heat equation read

€ap = Cupys0,s+ 0,500 (42)
cd = (k0,) . — TohG (43)
where one writes
h=a, c=c, (44)
for plane stress, and
h= (14w, c=c,—To’E (45)

for plane strain.
In what follows, the above equations are rendered dimensionless by introducing nor-
malized space-time variables

(= E42;

- Ky (46)

x; = LX;

where L is some characteristic length of the heterogeneities, and setting

a-rx = Oy
g = {05 @)
6= <h)6
for stresses and temperature and
Cuﬂyé = Caﬂ76/<f> (48)

h = hj<h)

for the elastic compliances and thermal expansion coefficient. In terms of dimensionless
variables, the Duhamel law, eqn (42), and the heat equation, eqn (43), can be expressed as

Eup = Caﬂ766y6 + 5,,/;59

. 49
ol = (50,), - o @
with
c=cl{c), K=kK/{K)
50
_Th? 0
e

The coupling parameter ¢ is usually a small quantity (¢ « 1). Equations (49) are formally
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obtained from eqns (42) and (43) by replacing all variables by their dimensionless counter-
part and T, by ¢.

In what follows, we focus on the plane stress case. Passage to plane strain can be
accomplished by making the substitutions

a- (T+via.

3.2. Localization law

In the plane case, eqns (25) and (26) simplify considerably as a result of the fact that
all quantities are xs-independent and that the only non-zero component of the stress
potential is %33, henceforth denoted by . For simplicity of notation, the superimposed bar
on all dimensionless quantities is henceforth omitted. Furthermore, we use eqns (48) and
(50) to conclude that

=1 Lo=1 =1 (51)

With this simplification, eqns (25) and (26) reduce to

J’ Kk K, )LiE,s) &%k + fK‘(k, k', )LOO(K’, 5) 4%’ = SN 4(K)L{a45)(s)
(52)

j‘ K* (K, k, s)Li(K', 5) &% + JK(k, K, $)L30K’, 5) A%k’ = N(K)L{G,, ) (5)
where the kernels and the forcing terms are given by
i 1 1 .
'3 ’ - — # R 7S Y oA N " 2 : iy %* (L "
Kk K, s) = 5- AK k) k-k) 5 Bl K) gk —k)—ek Bﬁ(k)gx_ﬁsk Sh* (k')

Ak K) = (kiK' +kok5), Bk K) = (kiky—kok'),

KKK,5) = — %kiﬁ(k-k’)-&k* 3h(K) lim -;;é*(k') (53)

Kk, K, s) = —-1— - (k k) - _S__) h ‘*(k’)+ L —-K(k—k’)k’

SN 5(k) = (6 (k) - e8A(K))k? 80— (3 (W) + 6GM)Dkks,  N(K) = (k) — AK)) S

and we write k> = k}+k3. In deriving the above expressions, use has been made of the
identity

lim 1J-""(k 2, k) 80k, Ky, k) 8K = (c,00) = lim < Jf‘(k 2)80(k, ky) &k’

where in the first integral we consider three-dimensional Fourier transforms, whereas in the
last term the Fourier transforms are two-dimensional. Thus, the volume average { ) reduces
to the plane mean value as a result of the fact that the quantities being averaged are
independent of x,.

To explicate the solution further, we make the additional assumption that fluctuations
in the material parameters are small, i.e.
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O =0(), 0og=0(@), h=0(), dbc=0() (59)

where £, « | is a small parameter.

By virtue of assumption (54) system (52) involves two small parameters, ¢, and the
thermomechanical coupling constant &. Next we seek a solution (3, 36) of system (52) of
the form

X=Xet o H X+t hawt Lot

(33)
59 = 6911+5920+5902+ e

where the terms of the expansion are characterized by the conditions
Xij = 0(5"15]'), 59:1 = O(e}¥’).
Substituting expansion (55) into system (52) and gathering terms of same order we obtain

L6(k,5) = sL,s(k, 5)L00p)(5) + O(ee}) + O(e3)

. (56)
k2Lj(k,5) = sLT 5(k, $)LL0 5> (s)+ O(eD) + O(ee?)
where the localization tensors Q,; and I',; are given by
k SN2y
L4k, 5) = - (l + ) [ (k)+6u,, O¢(k) — 6,p 61?(1():) (57)

5Na,;(k) 1
kT 2=k )kt

Lk, s) = S{ [6f(k K)AK, k)

— gk —k")B(k,k )} INJH(K) dzk’} + LQ5(k, 5)

with SNY, = 0N, ate = 0; ie.
SNG(K) = Of (k)k? 6,5~ (6F (K) + 0§ (K))k k. (58)
3.3. Effective behavior

The effective behavior is obtained by particularizing the three-dimensional law, eqn
(33), to plane conditions

(eap ) (1) = Jugys ¥ d 0,50 (1) (59)
or, in terms of Laplace transforms
Leap)(s) = 5LJogys(5)LL0,50(8)- (60)
Here, the creep functions are given by

SLJaByé(s) = <caﬂyé> —& 5uﬂ 676

- ;,ﬂ;{ Uac*(k) SA*(k)sL, s (k, 5) d*k —¢ J 55*0() (k)d2k>

~+-J- 3 (K)s —LIJ&—} dzk}+0(ae )+ 0(e) (61)
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in image space, or

5N,6( ) &k

,fgy,s(f) = <C¢ﬁy¢5> 85@; 5?6+85cﬁ hm jé}? (k)

. Ng*(k) JoN,(k) 1 [] , ,
-lxmj 7 {kz —anzjﬁ[éf(k—k).d(k,k)

S—w §

1
—3G(k—K")B(k, k)] SNS (k') dzk’} dk—e Jim = j [5,,,55*&)-5,,,55*(1&)

b SN%(k 2
6N,;:2 (k):l [6,666(1() —8,;0h(k) + :2( )] e ¥ %k + 0(e}) + O(ee})
(62)
in terms of time.
This expression can be recast as
1 2

Jaﬂyé(t) = Jaﬁyé(w)_sgl_?; EJAaﬂﬁ(k) c—k ! de (63)

where J,4,5(c0) is the long range creep tensor, and

. SNk

Augs(k) = [ 3,506* (k) — 8,50h* (k) + k [l ):l [5,,,6c(k)-5,,6ﬁ(k) + _7:7%&2] 64)

In the absence of thermomechanical coupling, ¢ = 0 and viscoelastic effects are not
present in the material. For ¢ > 0, the creep functions J,4, are seen to have a continuous
relaxation spectrum. Furthermore, the scalars 4,4, (no sum on « or f) are real and positive.
Hence, J,4,5 is a Bernstein function[9]. The derivatives of J 4,4 are alternating, i.e.

Juﬂaﬂ(’) 2 0
andforn>1
(—=1y*'J%s() =2 0 (no sum on o or f). (65)

The instantaneous compliances J,4,5(0) of the material can be calculated by setting
t = 0 in eqn (62) or eqn (63). Alternatively, one can proceed as follows. Since sufficiently
fast loading is adiabatic, the stress-strain relation reads

eap = Clps0ys
where the adiabatic compliances are given by
ahz
C&h = Copys — vy Oep Oy = 3(F+G) (Buy 8ps +0.s Opy) = G0up 045 (66)

with
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h* R eh?
J?'=f—8“‘c‘» g=y+7. (67)

For an clastic material with no thermoclastic coupling, the effective compliances arc given
by eqn (62) with ¢ = 0. Considering the material defined by expression (65) we get from
eqn (62) by replacing C,g,; by C%), fand g by f and § and putting ¢ = 0

] 1 [6N%K) - 1 [0N%(K)
Japys(0) = (C,ﬂ,(;)—;l_.n;)gj‘ % ON,s(k) d2k+.£-§g,§_[ 27:7;"1

| S - .
X { JF [6f (k—k)Ak, k') — 0g(k—Kk")B(k, k")) ON,s(k") dzk’} d’*k+0(e}) (68)
with

5N ,p(k) = 6 (k2 8,5 — (6F (K) + 55 (K))k K . (69)

It can be shown that this value of the instantaneous compliance equals that obtained by
setting ¢ = 0 in eqn (62) to within terms of O(e) + O(ec?).

The long range behavior is obtained by letting the time ¢ tend to infinity in eqn (62).
It is readily seen that

o]
Jupys(00) = Jupys(0) = € lim EjAa,,.;(k) d’k+ O(ze3). (70)

The slope at the origin J;4,,(0) bears some emphasis since knowing J,4,5(0), Juss(c0) and
J5,5(0) we can approximate the material behavior by a Zener type model. Differentiation
of eqn (62) results in

L1
J;a,,,s(()) =g }lf{;l) EJ\kZAaﬂ.,a(k) dzk + 0(88:1;) (71)

3.4. Evaluation of the dissipation

From definition (64) it follows that 4,5, = O(e}). Hence, the difference between the
instantaneous and the long-range compliances is usually very small. This can be verified
directly from eqn (70), which yields

Juﬂyé(w)—‘]aﬂyé(o) = 0(68%) (72)

For example, if the fluctuations in the material properties are such that ¢, = 0.1 and the
coupling parameter is ¢ = 0.01 then

Jaﬂy&(w)_"uﬁyé(o) = 0(10—4)

i.e. the creep effect is very small. Nevertheless, this small effect may become significant in
some cases of interest such as vibrating systems. This point is addressed in Appendix B.

3.5. Particular case of circularly symmetric spatial correlations
We denote by

Py(K) = 87*(k) 6 (k)

(73)
Py (k) = &f*(k) 6g(k)

the cross power spectra of f and g and use similar notation for the power spectra of other
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functions. The power spectra are the Fourier transforms of the spatial correlation functions.
Then from eqns (70) and (64) we have

N N P C .
Jaﬂy&(w)‘-lallvé(o) = clen; EJ[‘)M‘)y&P« "25aﬂ576Pch + (2baﬁ‘)76 ‘—‘saﬂéyéﬁ

= 0,58 Ep)P s+ (—8upl s —0,5E:lp) Py + 8apOys P

+ (_ 25uﬂ676 + 5¢ﬂ¢7£6 + 6766a£ﬂ)th + (dxﬁéyé& + 6y661¢ﬂ)Phy

+ (Bapbys — Oapl = Oy Calp+ Calpy65) Py

(=8l &5 — 8,58, Lp+ 28,858, E5) Pry + Ea8sE 65 Py ) d’k. 7%
If spatial correlations are circularly symmetric, the power spectra depend solely on the

modulus k of k and not on the polar angle 8 = acos k,/k. Since £, = cos §, &, = sin 0, eqn
(74) involves expressions of the form

JG(G) P/f(k) de

where a is a function of 6, and P, is a function of the modulus k. Under these conditions
it readily follows that:

-]

. 1 2z . 1
lim gja(o)Pf,(k) d%k = ( L a(6) de> lim ELo kP, (k) dk

2n
= % (L a(f) d9> of of). (75)

Use will be made of similar results involving Py, P, ..., and of the following identities :

2x
f £.&p 40 = 15,
0

] ] (76)
L ca cﬁz}' 66 dé = Z (5¢y6ﬁ7 + 5¢ﬁ6ﬁ1 + 6¢ﬂ676)'

From the assumption of circular symmetry, the overall response of the material must be
isotropic. Therefore, the macroscopic behavior can be described in terms of two scalar
creep functions such that

Jugys = J104p0y5 +J2(0ay 05 + 0a303y)-

Making use of eqns (75) and (76), eqn (74) reduces to

Japys(00) = Japys (0) = (J1(00) = J,(0))agd,s + (J2(0) ~ J2(0)) (OuyOps + 6066[}7)

= ¢E(dc, h, 9f, dg) 7

where

J1(00)~J1(0) = £{(Bcdc) —2(5cbhy + {Scdf Y~ (cdg) +(Shh) — (Shof>
+{0hdg) +3<0f 8f > — I<8f 09> +i{3gdg>}
J2(e0) = J2(0) = &{i<8f 0f ) +1<0f 8g) + i<Igdg)}.
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As can be seen, to within first-order terms in ¢, the long-range behavior is determined
by the cross correlations of the fluctuations in the properties of the material.
The initial slope J;4,5(0) of the creep function J.g6 Provides a first approximation to

the global viscoelastic behavior. This slope is given by eqn (71) which involves terms of the
form

1 -
I= lim 3 ‘( k2a(8) 8 * (k) of (k) d’k. (78)

But using the fact that (86f /0x,) (k) = ik, 8f (k), eqn (78) can be written as

1 r
I=lim EJa(e) of (k) of (k) d*k
1 (79)

If we further assume that the spatial correlation functions of the gradients df, o4 . .. are
circularly symmetric, and proceeding as in the derivation of eqn (75) we obtain

) ] l 2n
lim < j‘ aO)P;,; (k) % = 5 ( ﬁ a(6) dG) <Of 9, (80)

It is interesting to note that this expression involves the correlations of the fluctuation
gradients. Finally we have

2
J;ﬂyé(o) = —¢& Z E(éc.j’ 6;"‘;’ 5fp 5;9'.1')
j=1

i

where the function E (., ., ., .) is defined in eqn (77)
Similarly, it is readily shown that the nth outer derivative of J,,; involves the nth order
partial derivatives of the fluctuations dc, 6, df, dg.

4, CONCLUSIONS

A proof has been given of the fact that the effective behavior of a linear thermoelastic
solid with heterogeneous microstructure subjected to prescribed siresses on remote bound-
aries corresponds to that of a linear viscoelastic material. By performing a perturbation
expansion with respect to two suitably chosen small parameters, first-order approximations
to the creep functions of a two-dimensional solid with random microstructure are provided
in closed form. These results incorporate the statistical information afforded by the two-
point correlation functions of the microscopic fluctuations of material properties.

The relaxation time for thermoelastic damping is typicaily rather small, of the order
of the square of the characteristic length of the microheterogeneities. However, dissipation
due to thermoelastic damping can be substantial in dynamic processes whose characteristic
duration is of the order of the thermal relaxation time. In particular, thermoelastic effects
can be expected to significantly damp the high frequency contents of elastic waves.
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APPENDIX A

Some basic properties of the Fourier transform are recorded next. The Fourier transform of a function f(x)
of the spacial coordinates x = (x,, x,, x;) is defined as

1y .
J&) = (—2;> J.f(x) e x d’x, (A1)
For instance, if f(x) = ¢ = const. one has

J&) = (2m)¥2c5(k) (A2)

where (k) signifies the Dirac delta distribution at the origin.
The following standard results arc used throughout the paper:

o
{Jg = ,l,l_ﬂ ijv‘(k)jv(k) &’k @)

-~ 1y
Jolk) = (ﬂ) 'ff k-k)g(k) &’'.

In the first identity f, and g, signify the restrictions of f and g to a closed compact subset ¥ of R containing
the origin. In terms of the limiting process indicated in eqn (A3a), f, and g, are to be regarded as members of
two nets of functions obtained by letting the domain V cover the whole space. For example V can be taken to be
the ball of radius R centered at the origin and the limit in eqn (A3) reduces to letting R — oo. It is implicitly
assumed that due to statistical disorder the result is independent of the choice of origin. For simplicity of notation,
the subindex ¥ in the integrand of eqns (A3) is dropped throughout the paper.

APPENDIX B

Dissipation in a vibrating process
For simplicity, here we consider a one-dimensional solid obeying a creep law of standard Zener type

J(1) = J(20)~ (J(e0)—~J (0)) e™*. (BD)
The uniaxial stress o is related to the strain ¢ by
a(f) = e+ dJ(0) (B2)
If a cyclic stress history
0 = 0y COS W! (B3)

is prescribed, the energy dissipated per cycle is given by

= 1620 (0) —— /I’+w’

(B4
= nag(J(oo)-J(O))mzw—Lr

To a good approximation, if J(co) —J(0) is small, the maximum stored elastic energy is given by
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E = {J{0)o}. (BS)
The frequency dependent ratio
W _ J(0)=J(0) wi
E9 =T ote i (BS)

represents the part of the elastic energy E which is dissipated into heat per cycle. This ratio attains its maximum

value when w = 4

w J(0)—J(0)
= R

W= T0) (BT

The fraction D/E of elastic energy converted into heat per unit time results from dividing W/E by the period 2z/w

D Ho)—=J(0) wli
970 ora ®9
As w — co this quantity tends to an asymptotic limit
D J(0)=J(0) J'(0)
o = = 9
EP =AY T o) (B9)
For w = 4 we have
D 1J(©)
W=z TON (B1O)

1t was noted in Section 3 that J'(0) is inversely proportional to the square of some characteristic length L of the
heterogeneities. Consequently, for small L the fraction D/E may become significant, even if J{cc)—J(0) is small.



